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Nonperiodic oscillation of bright solitons in the condensates with a periodically
oscillating harmonic potential
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Considering a periodically oscillating harmonic potential, we explore the dynamics properties of
bright solitons in a Bose-Einstein condensate. It is found that under a slower oscillating potential,
soliton movement exhibits a nonperiodic oscillation while it is hardly affected under a fast oscillating
potential. Furthermore, the head-on and/or “chase” collisions of two solitons have been obtained,
which can be controlled by the oscillating frequency of potential.
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1. Introduction
Bose-Einstein condensates (BECs) in weakly interact-
ing alkali atomic gases have proved to an ideal laboratory
system for investigating fundamental nonlinear phenom-
ena, such as bright solitons,1−3) dark solitons,4−8) and
vortices.9) Especially, the bright solitons in BECs open
possibilities for future applications in coherent atomic
optics, atom interferometry, and atom transport.2) Re-
cently, the soliton oscillations have been obtained in the
experiment,10−13) which boost an immense theoretical in-
terest in the nonlinear matter waves.
Theoretically, it was shown that the external poten-
tials have an important effect on oscillating properties
of solitons in the one-dimensional BECs.14−20) For ex-
ample, when a bright soliton is loaded into an attractive
harmonic potential, it executes harmonic oscillations, of
which the oscillating frequency depends on the trapping
frequency.15,19) For an optical potential, when the en-
ergy of bright soliton is lower than the height of the
potential, it can exhibit oscillating behavior around the
bottom of potential notch, of which the oscillating fre-
quency depends on both the lattice spacing and height
of potential.19) Similar results have also been obtained
when the bright solitons are loaded into a tanh-shaped
potential.19) Usually, the periodic oscillation of bright
solitons can be expected under a spatially nonuniform po-
tential trap.15,19) In fact, a periodically oscillating exter-
nal potential is easily achieved in BEC experiment.21,22)
In this case, how about the dynamics behaviors of bright
solitons? To our knowledge, there is little report on this
subject.
In this paper, we explore the oscillating properties of
bright solitons in BEC with a periodically oscillating har-
monic potential. A nonperiodic oscillating behavior of
bright soliton is obtained under a slow oscillating po-
tential, different from that under a spatially nonuniform
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potential trap. Also, the head-on and/or “chase” colli-
sions of two solitons have been observed, which can be
controlled by the oscillating frequency of potential. The
results are very useful for future applications of BEC in
accurate atomic clocks and other devices.
2. Model and the Soliton Solutions
A periodically oscillating harmonic potential23−25)
can be given by V (r) = mω2⊥(Y
2 + Z2) + mω21[X −
k sin(ω⊥ωT/2)]
2/2. Here m is atomic mass; ω⊥ and
ω1 are the radial and transverse trapping frequencies,
respectively; k and ω are oscillating amplitude and
oscillating frequency of the external potential, respec-
tively. If ω⊥ ≫ |ω1|, it is reasonable to reduce
Gross-Pitaevskii equation into one-dimensional nonlin-
ear Schro¨dinger equation with an oscillating harmonic
potential
iψt + ψxx + 2g | ψ |2 ψ − ω
2
1
ω2⊥
[x− k sin(ωt)]2ψ = 0, (1)
where g = −2Nas/a⊥, and the time t and coordinate
x are measured, respectively, in units of 2/ω⊥ and a⊥,
with a⊥ =
√
h¯/mω⊥. Here, N is atom number, and
as is s-wave scattering length (SL).
26,27) The tuning of
SL can be achieved by Feshbach resonance.28,29) We here
consider the time-dependent SL 30,31) as = c exp(γt) (
where c is constant and γ2 = −4ω21/ω2⊥).
To obtain the exact solutions of eq. (1), we here
make use of the Darboux transformation.32−34) The
seed solution of eq. (1) can be chosen as ψ0 =√
gQ exp[ic exp(2gγ)/(2γ)], where Q = exp(−iγx2/2 −
iDt−iE), withD = [kγ3 sin(ωt)+kγ2ω cos(ωt)]/(γ2+ω2)
and E = {sin(2ωt)[k2γ4ω2 − k2γ6 − 4k2(γ2 + ω2]/2 +
k2γ5ω sin2(ωt)}/[8ω(γ2 + ω2)2] + k2(5γ2 + 4ω2)t/(8γ2 +
8ω2). Subsequently, the Lax-pair of eq. (1) is presented
as
Φx = UΦ,Φt = V Φ, (2)
where Φ = (φ1, φ2)
T , the superscript “T” denotes the
2matrix transpose. Here, U =
(
λ p
−p¯ −λ
)
, and V =(
A B
C −A
)
, with p =
√
gψQ¯,A = 2iλ2 + iλ(γx −
D)g|ψ|2, B = 2i√gψQ¯λ+ i√gψxQ¯ +√gψQ¯(γx −D)/2,
and C = −2i√gψ¯Qλ− i√gψ¯xQ−√gψ¯Q(γx−D)/2 (the
overbar denotes the complex conjugate). From the com-
patibility condition ∂
2Φ
∂x∂t
= ∂
2Φ
∂t∂x
, one has Ut−Vx+UV −
V U = 0. By performing the Darboux transformation
ψ1 = ψ0 + 2(λ1 + λ¯1)
Qφ1φ¯2√
g|φ1|2 + |φ2|2 , (3)
we can obtain a single soliton solutions of eq. (1)
ψ1 = [−1+2 (λ
2
0 − 1) cos(ϕ) + iλ
√
λ20 − 1 sin(ϕ)
λ20 cosh(θ) + λ
√
λ20 − 1 sinh(θ)− cos(ϕ)
]ψ0.
(4)
Here θ = 2c exp(γt)
√
λ20 − 1[x− kγ2 sin(ωt)/(γ2 +ω2) +
c exp(γt)/γ)] and ϕ = 2c2 exp(2γt)
√
λ20 − 1/γ with λ0
constant.
Then, by repeating the Darboux transformation N
times, we can obtain the N -order solution
ψn = ψ0 + 2
N∑
n=1
(λn + λ¯n)
φ1[n, λn]φ¯2[n, λn]Q√
gΦ[n, λn]T Φ¯[n, λn]
, (5)
with Φ[n, λ] = (λI − S[n − 1]) · · · (λI − S[1])Φ[1, λ].
Here Sl1l2 [n
′] = (λn′ + λ¯n′ )
φl1 [n
′,λ
n′
]φ¯l2 [n
′,λ
n′
]
|φ1[n′,λn′ ]|
2+|φ2[n′,λn′ ]|
2 −
λ¯n′δl1l2 , l1, l2 = 1, 2, n
′ = 1, 2, · · ·, n − 1, and n =
2, 3, · · ·, N . For N=2, one can obtain the two solitons
solution of eq. (1)
ψ2 = ψ0[1 + 2
G
F
], (6)
where F = (λ01+λ02)
2(h1+k1)(h2+k2)−4λ01λ02(h1h2+
k1k2 + j1j2) + 2
√
λ201 − 1
√
λ202 − 1 sin(ϕ1) sin(ϕ2) and
G = 2λ02(λ
2
02 − λ201)(h1 + k1)[j2 + i
√
λ202 − 1 sin(ϕ2)] +
2λ01(λ
2
01 − λ202)(h2 + k2)[j1 + i
√
λ201 − 1 sin(ϕ1)], with
ki = (2λ
2− 1) cosh(θi)+ 2λ0i
√
λ2 − 1 sinh(θi)− cos(ϕi)),
hi = cosh(θi) − cos(ϕi), and ji = −λ0i cosh(θi) −√
λ20i − 1 sinh(ϑi) + λ0i cos(ϕi) (i = 1, 2). Here
θi = 2c
√
(λ20i − 1)exp(γt)[x − kγ2 sin(ωt)/(γ2 + ω2) +
c exp(γt)/γ)] and ϕ = 2c2 exp(2γt)
√
λ20i − 1/γ with λ0i
constant (i = 1, 2). From eqs.(4) and (6), we can explore
in detail the dynamic behavior of bright solitons.
3. Results and Discussion
As a typical example, we consider a BEC consisting of
7Li. Based on the currently experimental conditions, the
radial and transverse trapping frequencies are chosen as
ω⊥ = pi×100 Hz and ω1 = 5pii Hz, respectively.2) So, the
time and space units correspond to 6.4ms and 5.4 µm in
reality, respectively.
3.1 Oscillating properties of a single bright soliton
In order to explore the oscillating properties of single
soliton in a 7Li BEC with a periodically oscillating har-
monic potential, we here propose that the ω = 10 and
ω = 0.2 represent the fast and slow oscillation of har-
monic potential, respectively. Figure 1 shows the space-
time distribution of the density of a BEC under an oscil-
lating harmonic potential.
For a fast oscillating potential, one can see from Fig.
1 (a) that a bright soliton appears at the initial time.
With the time going on, the amplitude of bright soli-
ton increases but its width decreases. Meanwhile, the
bright soliton propagates along the positive direction of
x -axis. This phenomenon is similar to that of k=0 in
Ref. [14]. This shows that the propagation properties of
bright solitons are hardly dependent on the fast oscillat-
ing potential.
For a slow oscillating potential, the dynamical prop-
erties of the single soliton are shown in Fig. 1(b). One
can see that the bright soliton moves along the positive
direction of x -axis when the time increases from 0 to 10,
which is similar to that of the Fig. 1(a). While the time
increases from 10 to 20, interestingly, it is observed that
the bright soliton moves along the negative direction of
x -axis, but it can not comeback to the initial position.
When the time further increases, the bright soliton again
moves along the positive direction of x -axis. This indi-
cates that the bright soliton exhibits a nonperiodic os-
cillation, different from the periodic oscillation under a
spatially nonuniform potential trap.
Therefore, we conclude from Fig.1 that the noperiodic
oscillating behavior of a bright soliton strong depends on
the oscillating frequency of harmonic potential.
3.2 Oscillating properties of two bright solitons
We further explore in the Fig. 2 the oscillating proper-
ties of two bright solitons under a periodically oscillating
potential. We here choose the ω = 10 and ω = 0.1 as the
typical examples for the fast and slow oscillating poten-
tial, respectively.
For a fast oscillating potential, one can see from Fig.
2(a) that there exist two bright solitons at the initial
time. With the time going on, the left bright soliton
moves rightward while the right one moves leftward.
Also, the amplitude of each soliton increases while their
width decreases. When the time further increases, their
distance of two solitons further decreases. At t ≈ 20, the
two bright solitons take place a head-on collision. This
phenomenon is similar to that of k=0 in Ref. [35]. There-
fore, the propagation properties of two bright solitons are
hardly affected by the fast oscillating potential, just as
in the case of a bright soliton strong.
For a slow oscillating potential, the dynamics proper-
ties of two bright solitons are shown in Fig. 2(b). When
the time t increases from 0 to 15, two solitons both move
along the positive direction of x -axis. While the time t
increases from 15 to 20, two solitons both move along the
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FIG. 1: The space-time distributions of the density of a BEC
with the harmonic potential showing (a) a faster oscillation
(ω = 10), (b) a slower oscillation (ω = 0.2). The other pa-
rameters used are λ0 = 2.0, c = −0.01, γ = 0.1, and k = 50.
negative direction of x -axis. This shows that two solitons
exhibit an oscillating behavior. Meanwhile, the distance
between the two solitons becomes smaller, two solitons
exhibit a “chase” collision at t ≈ 20. Obviously, both the
head-on and “chase” collision in Fig. 2 can be controlled
by the oscillating frequency of harmonic potential.
The validity of the GP equation relies on the con-
dition that the system be dilute and weakly interact-
ing: d|as(t)|3 ≪ 1, where d is the average density of
the condensate. In the real experiment of 7Li atoms,
the typical value of the atomic densities is 1013 cm−3.
In our work, we consider that the absolute of the SL
is |as(t)|max = 30.6aB with aB Bohr radius, so that
d|as(t)|3 < 10−4 ≪ 1. Therefore, the GP equation is
valid for the given parameters and thus our results can
be observed under the condition of the current experi-
ments.
4. Conclusion
In summary, we present a family of single- and two-
soliton solutions of BEC under a periodically oscillating
harmonic potential by using Darboux transformation. It
is found that a single bright soliton exhibits nonperiodic
oscillation for a slow oscillating harmonic potential, while
its propagation properties are hardly affected by the fast
oscillation potential. Furthermore, for two bright soli-
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FIG. 2: The oscillating properties of two bright solitons in a
BEC with the harmonic potential showing (a) a faster oscil-
lation (ω = 10), (b) a slower oscillation (ω = 0.1). The other
parameters used are λ01 = 2.0, λ02 = 2.5, and c = −0.02.
The other parameters are the same as the figure 1.
tons, a head-on collision takes place under a slow oscil-
lating harmonic potential, while there occurs a “chase”
collision under a fast oscillating harmonic potential. The
collisional behavior can be controlled by the oscillating
frequency of harmonic potential. The results will stimu-
late experiments to manipulate solitons in the BEC.
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